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Îïðåäåëåíèÿ è îáîçíà÷åíèÿ

P(d) (s1, s2, s3, s4, s5, µ1) =

∫
dd l

i πd/2
∏4

n=0 (l2n + i0)
,

ln = l−
n∑

i=1

pi , p2
1 = µ1 , p2

i = 0 ,
5∑

i=1

pi = 0 , sn = (pn−2+pn+2)2 .

óäîáíûå îáîçíà÷åíèÿ

rn = −s1µ1 +
4∑

i=0

(−1)i sn+i sn+i+1 , n = 1, 3, 4 ,

r2 = −2
µ1s1s2

s4
+ s1µ1 +

4∑
i=0

(−1)i s2+i s3+i ,

èç r2 ëåãêî ïîëó÷èòü r5 çàìåíîé s2 ↔ s5 è s3 ↔ s4

∆ = det (2pi · pj |i,j=1,...4) , S =
4s1s2(s3s4 − s1µ1)s5

∆
,

∆3 = 4s2s5 − (µ1 − s2 − s5)2 , S3 =
4s2s5µ1

∆3
.



Äèôôåðåíöèàëüíûå óðàâíåíèÿ

I Ðàññìàòðèâàåì d = 4− 2ε è µ1 < 0, si < 0, i = 1, . . . , 5

I Óðàâíåíèÿ ïîëó÷àþòñÿ ñ ïîìîùüþ òîæäåñòâ èíòåãðèðîâàíèÿ ïî
÷àñòÿì (ñ ïîìîùüþ LiteRed)

Îáùèé âèä äèôôåðåíöèàëüíûõ óðàâíåíèé

∂

∂si
J = Mi (s, ε)J , i = 1, . . . , 5 ,

∂

∂µ1
J = M6(s, ε)J

s = (s1, s2, s3, s4, s5, µ1)

Íàáîð ìàñòåð èíòåãðàëîâ
J = (P, B1, B2, B3, B4, B5, T , R1, R2, R3, R4, R5, R6)T

Mi (s, ε) � òðåóãîëüíûå ìàòðèöû 13× 13



Íàáîð ìàñòåð èíòåãðàëîâ



Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ε-ôîðìå

Èäåÿ: íàäî ïðèâåñòè äèôôåðåíöèàëüíûå óðàâíåíèÿ ê ε-ôîðìå.

∂

∂si
J̃ = εM̃i (s)J̃

Êàê ïîëó÷èòü ε-ôîðìó

1. Ïðèâîäèì äèàãîíàëüíûå ÷ëåíû ê âèäó ∼ ε (ïðèìåð P → f (s)P)

2. Ïðèâîäèì îôô-äèàãîíàëüíûå ÷ëåíû ê âèäó ∼ ε (ïðèìåð
P → P +

∑5
i=1 gi (s)Bi )

3. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ çàâèñÿùåãî òîëüêî îò ε ïðèâîäèì ê
ε-ôîðìå



Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ε-ôîðìå

Â íîâîì áàçèñå J̃ = (P̃, B̃1, . . . R̃6)T , óðàâíåíèÿ ïðèíèìàþò ε-ôîðìó

∂J̃

∂si
= ∂i J̃ = εM̃i J̃

Óñëîâèå ñîâìåñòèìîñòè óðàâíåíèé (èç ðàâåíñòâà ∂i∂j J̃ = ∂j∂i J̃):

ε(∂iM̃j − ∂jM̃i ) + ε2[M̃i , M̃j ] = 0

ýòî çíà÷èò, ÷òî ∂iM̃j = ∂jM̃i è ñëåäîâàòåëüíî∑
i

M̃idsi = dA

Ýòî çíà÷èò, ÷òî íàøè óðàâíåíèÿ ìîæíî íàïèñàòü â d log ôîðìå

d J̃ = εdAJ̃



Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ε-ôîðìå

Ñâÿçü ñòàðîãî áàçèñà ñ íîâûì

P =
C (ε)

ε2s1s2(s3s4 − s1µ1)s5

(√
∆P̃ +

1

2

5∑
i=1

ri B̃i

)
,

B1 =
C (ε)

ε2(s3s4 − s1µ1)
B̃1 , Bi =

C (ε)

ε2si+2si−2
B̃i , i = 2, . . . , 5 ,

T =
C (ε)

ε2
√

∆3

T̃ , Ri =
C (ε)

ε(1− 2ε)
R̃i .

ãäå C (ε) = Γ(1− ε) Γ2(1+ε)
Γ(1+2ε)



Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ε-ôîðìå

ε-ôîðìà (è d log-ôîðìà) äëÿ óðàâíåíèÿ íà P̃

dP̃ = −ε
{
P̃d
(

log S
)

+
5∑

i=1

B̃id
(
arctanh ai

)
− T̃ d

(
arctan y

)
+

+ 2
∑

i=1,3,4

R̃id
(
arctanh ai − arctanh ai+2 − arctanh ai−2

)
+

+ R̃2d
(
arctanh a2 − 2arctanh a4 − arctanh a5

)
+

+ R̃5d
(
arctanh a5 − 2arctanh a3 − arctanh a2

)
+

+ R̃6d
(

2arctanh a1 + arctanh a2 + arctanh a5

)}
ai = ri√

∆
, y = f (s) � íîâûå ïåðåìåííûå



Äàëüíåéøåå óïðîùåíèå

Âèä ìàòðèöû dA (∗ � íåíóëåâûå ýëåìåíòû)



∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ 0 0 0 0 0 ∗ 0 ∗ ∗ 0 ∗
0 0 ∗ 0 0 0 ∗ 0 ∗ ∗ 0 ∗ ∗
0 0 0 ∗ 0 0 0 ∗ 0 ∗ 0 ∗ 0
0 0 0 0 ∗ 0 0 ∗ ∗ 0 ∗ 0 0
0 0 0 0 0 ∗ ∗ 0 ∗ 0 ∗ ∗ ∗
0 0 0 0 0 0 ∗ 0 ∗ 0 0 ∗ ∗
0 0 0 0 0 0 0 ∗ 0 0 0 0 0
0 0 0 0 0 0 0 0 ∗ 0 0 0 0
0 0 0 0 0 0 0 0 0 ∗ 0 0 0
0 0 0 0 0 0 0 0 0 0 ∗ 0 0
0 0 0 0 0 0 0 0 0 0 0 ∗ 0
0 0 0 0 0 0 0 0 0 0 0 0 ∗



ñèñòåìó óðàâíåíèé 13× 13 ìîæíî ñâåñòè ê òðåì ñèñòåìàì 5× 5 è
òðåì ñèñòåìàì 6× 6

J̃ =
6∑

i=1

J̃
(i)

J̃
(1)

= (P̃(1), B̃
(1)
1 , 0, B̃

(1)
3 , B̃

(1)
4 , 0, R̃1, 0, 0, 0, 0)T

J̃
(2)

= (P̃(2), 0, B̃
(2)
2 , 0, B̃

(2)
4 , B̃

(2)
5 , T̃ (2), 0, R̃2, 0, 0, 0, 0)T



Ðåçóëüòàò èíòåãðèðîâàíèÿ

Èíòåãðèðîâàíèå îñóùåñòâëÿåì â ñëåäóþùåé îáëàñòè èíâàðèàíòîâ:

R = {s| si < 0, µ1 < 0,∆ > 0, s3s4 − s1µ1 > 0,∆3 > 0,

µ1 > s3, µ1 > s4, s2 > s5 + µ1, s5 < s2 + µ1, µ1 > s2 + s5}

ðåçóëüòàò èíòåãðèðîâàíèÿ:

P̃ = 2
6∑

i=1

(−si )−ε
√

∆<
∫ ∞

1

dt tε−1

bi (t)

(
arctan

rk(i)

bi (t)
−arctan

gi (t)

bi (t)

)
+g(ε)(−S)−ε

g(ε) � êîíñòàíòà èíòåãðèðîâàíèÿ, bi (t) =

√
∆
(

S
si
t − 1

)
gk(t) = rk +

S∆

sk(rk+2 + rk−2)
(1− t) , k = 1, 3, 4

g2(t) = r4+
(s3s4 − s1µ1)(s2 − s5 − µ1)

µ1

[
1−

√
1 +

4s5µ1

(s2 − s5 − µ1)2
(t − 1)

]



Êîíñòàíòà èíòåãðèðîâàíèÿ

Êîíñòàíòó èíòåãðèðîâàíèÿ íàõîäèì ïðè ∆→ 0. Â äàííîì ïðåäåëå
íåçàâèñèìûå âåêòîðû p1, . . . , p4 ñòàíîâÿòñÿ çàâèñèìûìè, à çíà÷èò
ïåíòàãîí áóäåò âûðàæàòüñÿ ÷åðåç ëèíåéíóþ êîìáèíàöèþ Áîêñîâ.

Óñëîâèå íà êîíñòàíòó

P̃ + g(ε) (−S)−ε
∆→0−→ 0

êîíñòàíòà â îáëàñòè R

g(ε) = 2π
3
2

Γ(1/2− ε)
Γ(1− ε)



Ïåíòàãîí ïðè d = 6− 2ε

Ðåêóððåíòíîå ñîîòíîøåíèå

P(6−2ε) =
s1s2(s3s4 − s1µ1)s5

ε∆

(
P(4−2ε) − r1

2s1s2s5
B

(4−2ε)
1 −

− s3s4

s3s4 − s1µ1

5∑
i=2

ri
2si−1si si+1

B
(4−2ε)
i

)

Èç ðåêóððåíòíîãî ñîîòíîøåíèÿ ïîëó÷àåì âûðàæåíèå äëÿ ïåíòàãîíà
ïðè d = 6− 2ε

P(6−2ε) =
C (ε)

ε
√

∆

[
P̃ + 2π

3
2

Γ(1/2− ε)
Γ(1− ε)

(−S)−ε
]

=
2C (ε)

ε

(
P̂ +H(s, ε)

)
ãäå H(s, ε) � îäíîðîäíîå ðåøåíèå



Àíàëèòè÷åñêîå ïðîäîëæåíèå

Àíàëèòè÷åñêîå ïðîäîëæåíèå äåëàåì èç îáëàñòè R â íóæíóþ íàì
îáëàñòü èíâàðèàíòîâ D, òàê ÷òîáû Im si > 0.
Àíàëèòè÷åñêîå ïðîäîëæåíèå èìååò âèä

P(6−2ε) =
2C (ε)

ε

(
P̂ + k(D)H(s, ε) + n(D)G (s, ε)

)
k(D), n(D) � öåëûå ÷èñëà, êîòîðûå çàâèñÿò îò îáëàñòè D.

G (s, ε) = (−S3)−ε<
∫ ∞

1

dt tε−1

b0(t)

(
arctan

g−(t)

b0(t)
− arctan

g+(t)

b0(t)

)

b0(t) =

√
∆
(
t S
S3
− 1
)
, g±(t) = −s2s3 + s3s4 − s4s5 ± s1

√
∆3(t − 1)



Ðåçóëüòàò

P(6−2ε)(s) =
2C(ε)

ε

[
6∑

i=1

(−si − i0)−ε <
∫ ∞

1

dt tε−1

bi (t)

{
arctan

rk(i)

bi (t)
− arctan

gi (t)

bi (t)

}
+

+ n(D)(−S3)−ε<
∫ ∞

1

dt tε−1

b0(t)

{
arctan

g−(t)

b0(t)
− arctan

g+(t)

b0(t)

}
+

+ k(D)π
3
2

Γ(1/2− ε)
Γ(1− ε)

(−S)−ε

√
∆

]
,

äëÿ êðàòêîñòè s6 ≡ µ1, öåëûå ÷èñëà k(D), n(D) èçâåñòíû.

Ðàçëîæåíèå ïî ðàçìåðíîñòè íà÷èíàåòñÿ ñ ε0 .
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